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I. INTRODUCTION
In the early 1980’s it was discovered that the density functional exchange correlation
potential has a derivative discontinuity when the particle number crosses and integer1,2. In
this paper a relationship between the potentials of systems with different particle numbers is
proven. It will be shown that the Hartree-plus-exchange-correlation potential for an integer
N -electron (N > 2) system differs by a constant from the corresponding potential of an
(N − 1)-electron system if the densities are determined from the same external potential.
As a corollary it follows that the functional derivative of the independent particle kinetic
energy functional of the N and (N − 1)-electron systems also differ by a constant.
II. PROOF
In the adiabatic connection approach3–6 of the constrained minimization formulation of
density functional theory7–10 the Hamiltonian Hˆγ for a system of N electrons is given by
Hˆ
γ
N = Tˆ
N + γVˆ Nee + vˆ
γ
N,ext [ρN ] . (1)
Atomic units, h¯ = e = m = 1 are used throughout. Tˆ is the kinetic energy operator,
TˆN = −
1
2
N∑
i=1
∇2i , (2)
and γVˆee is a scaled electron-electron interaction,
γVˆ Nee = γ
N∑
i<j
1
|ri − rj|
. (3)
The the external potential
vˆ
γ
N,ext [ρN ] =
N∑
i=1
v
γ
ext ([ρN ] ; ri) , (4)
is constructed to keep the charge density fixed at ρN (r) ,the ground state charge density of
the fully interacting system (γ = 1), for all values of the coupling constant γ. It has the
form10,11
v
γ
ext([ρN ] ; r) = (1− γ) vux([ρN ]; r)
+ v1c ([ρN ]; r)− v
γ
c ([ρN ]; r)+v
1
ext([ρN ] ; r), (5)
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where v1ext([ρN ] ; r) = vext (r) is the external potential at full coupling strength, γ = 1,
and v0ext([ρN ] ; r) is non-interacting Kohn-Sham potential. The exchange plus Hartree
potential12,13vux([ρN ]; r), is independent of γ, while the correlation potential v
γ
c ([ρN ]; r)
depends in the scaling parameter γ.
The chemical potential
µ = EγN −E
γ
N−1 (6)
depends on the asymptotic decay of the charge density12–14, and hence is independent of the
coupling constant γ15,16. In Eq. (6) EγN−1 is the groundstate energy of the (N − 1)-electron
system with the same single-particle external potential vγext ([ρN ] ; r) as the N -electron sys-
tem:
Hˆ
γ
N−1
∣∣∣Ψγργ
N−1
〉
= EγN−1
∣∣∣Ψγργ
N−1
〉
Hˆ
γ
N−1 = Tˆ
N−1 + γVˆ N−1ee + vˆ
γ
N−1,ext [ρN ]
vˆ
γ
N−1,ext [ρN ] =
N−1∑
i=1
v
γ
ext ([ρN ] ; ri) (7)
Note that by construction of vγext ([ρN ] ; r) , Eq. (5) ρN is independent of γ, but the ground-
state density of the (N − 1)-electron system ργN−1, is a function of γ.
The correlation energy Eγc
[
ρ
γ
N−1
]
is defined as10
Eγc
[
ρ
γ
N−1
]
=
〈
Ψγ
ρ
γ
N−1
∣∣∣TˆN−1 + γVˆ N−1ee ∣∣∣Ψγργ
N−1
〉
−
〈
Ψ0ργ
N−1
∣∣∣TˆN−1 + γVˆ N−1ee ∣∣∣Ψ0ργ
N−1
〉
, (8)
where
∣∣∣Ψ0ργ
N−1
〉
is the Kohn-Sham (N − 1) independent particle groundstate wavefunction
that yields the same density as the interacting (N − 1)-electron system at coupling strength
γ. Since the correlation part of the kinetic energy is given by
T γc
[
ρ
γ
N−1
]
=
〈
Ψγ
ρ
γ
N−1
∣∣∣TˆN−1∣∣∣Ψγ
ρ
γ
N−1
〉
−
〈
Ψ0ργ
N−1
∣∣∣TˆN−1∣∣∣Ψ0ργ
N−1
〉
, (9)
and hence
Eγc
[
ρ
γ
N−1
]
− T γc
[
ρ
γ
N−1
]
γ
=
〈
Ψγ
ρ
γ
N−1
∣∣∣Vˆ N−1ee ∣∣∣Ψγργ
N−1
〉
−
〈
Ψ0ργ
N−1
∣∣∣Vˆ N−1ee ∣∣∣Ψ0ργ
N−1
〉
, (10)
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the derivative of Eγc
[
ρ
γ
N−1
]
with respect to γ can be expressed as
∂
∂γ
Eγc
[
ρ
γ
N−1
]
=
Eγc
[
ρ
γ
N−1
]
− T γc
[
ρ
γ
N−1
]
γ
+
〈
∂
∂γ
Ψγ
ρ
γ
N−1
∣∣∣TˆN−1 + γVˆ N−1ee ∣∣∣Ψγργ
N−1
〉
+
〈
Ψγ
ρ
γ
N−1
∣∣∣TˆN−1 + γVˆ N−1ee ∣∣∣ ∂∂γΨγργN−1
〉
−
〈
∂
∂γ
Ψ0ργ
N−1
∣∣∣TˆN−1 + γVˆ N−1ee ∣∣∣Ψ0ργ
N−1
〉
−
〈
Ψ0ργ
N−1
∣∣∣TˆN−1 + γVˆ N−1ee ∣∣∣ ∂∂γΨ0ργN−1
〉
. (11)
Upon adding and subtracting (c.c. stands for the complex conjugate of the previous term)(〈
∂
∂γ
Ψγ
ρ
γ
N−1
∣∣vˆγN−1,ext [ρN ]∣∣Ψγργ
N−1
〉
+ c.c
)
+(〈
∂
∂γ
Ψγ
ρ
γ
N−1
∣∣∣∣
γ=0
∣∣vˆ0N−1,ext [ρN ]∣∣Ψ0ρ0
N−1
〉
+ c.c
)
(12)
and utilizing the normalization of the wavefunctions which implies that
∂
∂γ
〈
Ψγ
ρ
γ
N−1
|Ψγ
ρ
γ
N−1
〉
= 0, (13)
Eq. (11) becomes
∂
∂γ
Eγc
[
ρ
γ
N−1
]
=
Eγc
[
ρ
γ
N−1
]
− T γc
[
ρ
γ
N−1
]
γ
−
〈
∂
∂γ
Ψγ
ρ
γ
N−1
∣∣vˆγN−1,ext [ρN ]∣∣Ψγργ
N−1
〉
−
〈
Ψγ
ρ
γ
N−1
∣∣vˆγN−1,ext [ρN ]∣∣ ∂∂γΨγργN−1
〉
+
〈
∂
∂γ
Ψ0ργ
N−1
∣∣vˆ0N−1,ext [ρN ]∣∣Ψ0ργ
N−1
〉
+
〈
Ψ0ργ
N−1
∣∣vˆ0N−1,ext [ρN ]∣∣ ∂∂γΨ0ργN−1
〉
−γ
∂
∂γ
〈
Ψ0ργ
N−1
∣∣∣Vˆ N−1ee ∣∣∣Ψ0ργ
N−1
〉
. (14)
Now12,13 〈
Ψ0ργ
N−1
∣∣∣Vˆ N−1ee ∣∣∣Ψ0ργ
N−1
〉
= Ex
[
ρ
γ
N−1
]
+ U
[
ρ
γ
N−1
]
= Eux
[
ρ
γ
N−1
]
. (15)
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is the sum of the exchange Ex
[
ρ
γ
N−1
]
and mutual Coulomb interaction energy U
[
ρ
γ
N−1
]
of
the (N − 1)-electron system. The charge density ργN−1 is a function of γ, therefore
12
∂
∂γ
〈
Ψ0ργ
N−1
∣∣∣Vˆ N−1ee ∣∣∣Ψ0ργ
N−1
〉
=
∫
d3r
∂ρ
γ
N−1 (r)
∂γ
vux
([
ρ
γ
N−1
]
; r
)
, (16)
where
vux
([
ρ
γ
N−1
]
; r
)
=
δ
δρ
γ
N−1 (r)
(
Ex
[
ρ
γ
N−1
]
+ U
[
ρ
γ
N−1
])
(17)
is the sum of the exchange and Hartree potentials for the (N − 1)-electron system. Using
Eq. (16), Eq. (5) and the fact that
∣∣∣Ψγ
ρ
γ
N−1
〉
and
∣∣∣Ψ0ργ
N−1
〉
yield the same density ργN−1, Eq.
(14) can be cast as
∂
∂γ
Eγc
[
ρ
γ
N−1
]
=
Eγc
[
ρ
γ
N−1
]
− T γc
[
ρ
γ
N−1
]
γ
+
∫
d3r
∂ρ
γ
N−1 (r)
∂γ
(
vγc ([ρN ] ; r) + γvux ([ρN ] ; r)− γvux
([
ρ
γ
N−1
]
; r
))
(18)
From the definition of Eγc
[
ρ
γ
N−1
]
, Eq. (8), the correlation energy can also be written as
Eγc
[
ρ
γ
N−1
]
= Tˆ γ
[
ρ
γ
N−1
]
− Tˆ 0
[
ρ
γ
N−1
]
+ γVˆee
[
ρ
γ
N−1
]
− γEux
[
ρ
γ
N−1
]
(19)
where
Tˆ γ
[
ρ
γ
N−1
]
=
〈
Ψγ
ρ
γ
N−1
∣∣∣TˆN−1∣∣∣Ψγργ
N−1
〉
Tˆ 0
[
ρ
γ
N−1
]
=
〈
Ψ0ργ
N−1
∣∣∣TˆN−1∣∣∣Ψ0ργ
N−1
〉
(20)
.Vˆee
[
ρ
γ
N−1
]
=
〈
Ψγ
ρ
γ
N−1
∣∣∣Vˆ N−1ee ∣∣∣Ψγργ
N−1
〉
. (21)
It now follows that
∂
∂γ
Eγc
[
ρ
γ
N−1
]
=
Eγc
[
ρ
γ
N−1
]
− T γc
[
ρ
γ
N−1
]
γ
+
∫
d3r
∂ρ
γ
N−1 (r)
∂γ
(
δT
γ
N−1
[
ρ
γ
N−1
]
δρ
γ
N−1 (r)
−
δT 0N−1
[
ρ
γ
N−1
]
δρ
γ
N−1 (r)
− γ
δEux
[
ρ
γ
N−1
]
δρ
γ
N−1 (r)
)
+γ
∂
∂γ
Vee
[
ρ
γ
N−1
]
(22)
5
where use was made of the relation
Eγc
[
ρ
γ
N−1
]
− T γc
[
ρ
γ
N−1
]
γ
= Vˆee
[
ρ
γ
N−1
]
− Eux
[
ρ
γ
N−1
]
. (23)
The last term in Eq. (22) can be transformed as follows:
∂
∂γ
Vee
[
ρ
γ
N−1
]
=
〈
∂
∂γ
Ψγ
ρ
γ
N−1
∣∣∣Vˆ N−1ee ∣∣∣Ψγργ
N−1
〉
+
〈
Ψγ
ρ
γ
N−1
∣∣∣Vˆ N−1ee ∣∣∣ ∂∂γΨγργN−1
〉
=
1
γ
(〈
∂
∂γ
Ψγ
ρ
γ
N−1
∣∣∣TˆN−1 + γVˆ N−1ee + vˆγN−1,ext [ρN ]∣∣∣Ψγργ
N−1
〉
+
〈
Ψγ
ρ
γ
N−1
∣∣∣TˆN−1 + γVˆ N−1ee + vˆγN−1,ext [ρN ]∣∣∣ ∂∂γΨγργN−1
〉)
−
1
γ
(〈
∂
∂γ
Ψγ
ρ
γ
N−1
∣∣∣TˆN−1 + vˆγN−1,ext [ρN ]∣∣∣Ψγργ
N−1
〉
+
〈
Ψγ
ρ
γ
N−1
∣∣∣TˆN−1 + vˆγN−1,ext [ρN ]∣∣∣ ∂∂γΨγργN−1
〉)
= −
1
γ
∫
d3r
∂ρ
γ
N−1 (r)
∂γ
(
δT
γ
N−1
[
ρ
γ
N−1
]
δρ
γ
N−1 (r)
+ vγext([ρN ] ; r)
)
. (24)
Here use was made Eqs. (7) and (13). Combining Eqs. (22) and (24) leads to
∂
∂γ
Eγc
[
ρ
γ
N−1
]
=
Eγc
[
ρ
γ
N−1
]
− T γc
[
ρ
γ
N−1
]
γ
+
∫
d3r
∂ρ
γ
N−1 (r)
∂γ
(
−vγext([ρN ] ; r)−
δT 0N−1
[
ρ
γ
N−1
]
δρ
γ
N−1 (r)
− γvux
([
ρ
γ
N−1
]
; r
))
. (25)
At the solution point12,13 the following equation has to be satisfied for the (N − 1)-electron
system:
δT 0N−1
[
ρ
γ
N−1
]
δρ
γ
N−1 (r)
+ γvux
([
ρ
γ
N−1
]
; r
)
+ vγc
([
ρ
γ
N−1
]
; r
)
+ vγext([ρN ] ; r) = µ
γ
N−1, (26)
where µγN−1 is a constant, the chemical potential of the (N − 1)-electrons moving in the
external potential vγext([ρN ] ; r). Taking into account that the number of electrons is fixed at
(N − 1) independent of γ, it follows that∫
d3r
∂ρ
γ
N−1 (r)
∂γ
=
∂
∂γ
(N − 1)
= 0, (27)
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where it is assumed that the order of the integration and derivative can be reversed. From
Eqs. (25), (26) and (27)
∂
∂γ
Eγc
[
ρ
γ
N−1
]
=
Eγc
[
ρ
γ
N−1
]
− T γc
[
ρ
γ
N−1
]
γ
+
∫
d3r
∂ρ
γ
N−1 (r)
∂γ
vγc
([
ρ
γ
N−1
]
; r
)
. (28)
Comparing Eqs. (18) and (28) shows that
0 =
∫
d3r
∂ρ
γ
N−1 (r)
∂γ
(
vγuxc ([ρN ] ; r)− v
γ
uxc
([
ρ
γ
N−1
]
; r
))
(29)
where
vγuxc ([ρ] ; r) = v
γ
c ([ρ] ; r) + γvux ([ρ] ; r) (30)
is the Hartree plus exchange-correlation potential for a system with density ρ and coupling
strength γ.
The charge density ργN−1 (r) is a functional of the potential v
γ
ext ([ρN ] ; r) as can be seen
from Eq. (7)12,13. Therefore
∂ρ
γ
N−1 (r)
∂γ
=
∫
d3r′
δρ
γ
N−1 (r)
δv
γ
ext ([ρN ] ; r
′)
∣∣∣∣
N−1
∂
∂γ
v
γ
ext ([ρN ] ; r
′)
= −
∫
d3r′
δρ
γ
N−1 (r)
δv
γ
ext ([ρN ] ; r
′)
∣∣∣∣
N−1
(
vux([ρN ]; r
′) +
∂
∂γ
vγc ([ρN ]; r
′)
)
. (31)
Now
δρ
γ
N−1 (r)
δv
γ
ext ([ρN ] ; r
′)
∣∣∣∣
N−1
= χγN−1 (r, r
′) (32)
is the density response function of the (N − 1)-particle system. From stability considerations
χ
γ
N−1 (r, r
′) is negative semi-definite and has one zero eigenvalue which corresponds to the
invariance of the density when the potential is changed by a constant12,13. This implies that
0 =
∫
d3r
∂ρ
γ
N−1 (r)
∂γ
f (r)
= −
∫
d3r
∫
d3r′f (r)χγN−1 (r, r
′)
(
vux([ρN ]; r
′) +
∂
∂γ
vγc ([ρN ]; r
′)
)
(33)
is only possible if f (r) = constant since vux([ρN ]; r
′)+ ∂
∂γ
vγc ([ρN ]; r
′) 6= constant. This proves
the main point of this paper:
vγuxc ([ρN ] ; r) = v
γ
uxc
([
ρ
γ
N−1
]
; r
)
+ constant (34)
when ρN and ρ
γ
N−1 are determined by the same external potential v
γ
ext ([ρN ] ; r) .
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III. PROOF OF COROLLARY
Let the energy functional F γN [ρN ]
12,13 be defined as
F
γ
N [ρN ] = T
0
N [ρN ] + γU [ρN ] + γEx [ρN ] + E
γ
c [ρN ] . (35)
Then12,13
δF
γ
N [ρN ]
δρN (r)
+ vγext([ρN ] ; r) = µ (36)
and
δF
γ
N
[
ρ
γ
N−1
]
δρ
γ
N−1 (r)
+ vγext([ρN ] ; r) = µ
γ
N−1. (37)
From the last two equations we find that
δF
γ
N [ρN ]
δρN (r)
−
δF
γ
N
[
ρ
γ
N−1
]
δρ
γ
N−1 (r)
= µ− µγN−1 (38)
and therefore, using Eqs. (34) and (35), it follows that
δT 0N [ρN ]
δρN (r)
−
δT 0N
[
ρ
γ
N−1
]
δρ
γ
N−1 (r)
= constant (39)
IV. DISCUSSION AND SUMMARY
The relationship in Eq. (34) is valid for N > 2. This follows from the step in Eq. (28)
where the correlation energy of the N − 1 electron system is taken as non-zero. In the proof
use is made of the N and N − 1 electron wave functions, hence the proof given here is valid
for integer N. The proof for non-integer values of the electrons and will be presented in
another paper.
In summary, it was shown that the Hartree-plus-exchange-correlation potential for an
integer N -electron (N > 2) system differs by a constant form the corresponding potential for
an (N − 1)-electron system if the densities are determined with the same external potential.
As a corollary it was shown that the functional derivative of the independent particle kinetic
energy functional of the N and (N − 1)-electron systems also differ by a constant.
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